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Fig.7. Simulation of Algorithm (17) (with the conflict graph in Fig. 6). (a) Con-
vergence of the mean payload lengths. (b) Stability of the queues.

TABLE I
SHORT-TERM FAIRNESS OF LINK 3
[ P [ 065 ] 07 [ 075 ] 08 [ 085 |
Mean of D3 (in slots) 1259 | 146.7 | 1783 | 2263 | 3103
Standard deviation of D3 132.7 | 1619 | 211.5 | 293.7 | 456.1

and the mean increase, and their ratio increases as well, indi-
cating poorer short-term fairness.

In [28], van de Ven et al. considered the line topology (i.e.,
1-D Ilattice topology) and obtained the explicit expression of
the access intensity of each link required to support a uniform
throughput 6 for all the links, under the idealized-CSMA
model without collisions [14], [25]-[27]. For comparison,
we simulate Algorithm 1 in a line topology with six links,
where each link conflicts with the first two links on both
sides. After Algorithm 1 converges, we compute the access
intensity of link k as Ry := T} /(1/pr — 1) (since the mean
backoff time of link & is 1/pr — 1) and compare it to the
result of [28, Theorem 2] (although the “access intensities”
under the two models are not completely equivalent due to
our inclusion of collisions). Let pr, = 1/16, Vk, v = 1, and
7' = 1. We simulate four sets of arrival rates, A = 6 - 1 where
6 = 0.15,0.2,0.25, and 0.3, and give the results in Table II.

The results show a close match, with relatively larger differ-
ences in R3 and R4. The reason is that links 3 and 4 are in the
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TABLE II
COMPARISON OF ACCESS INTENSITIES
| | Bi [ Ro [ Rs [ Ra [ Rs | Re ]
6 = 0.15 (Simulation) | 0.279| 0.386| 0.547 | 0.548| 0.387| 0.279
0 = 0.15 ([28]) 0.272] 0.347| 0.442| 0.442| 0.347| 0.273
0 = 0.2 (Simulation) 0.526| 0.837| 1.372| 1.371| 0.840| 0.526
6 =0.2 ([28]) 0.5 0.75 | 1.125] 1.125| 0.75 0.5
0 = 0.25 (Simulation) | 1.075| 2.229| 4.735| 4.733| 2.240| 1.072
0 = 0.25 ([28]) 1 2 4 4 2 1
0 = 0.3 (Simulation) 3210 12.94| 52.76 | 52.32| 12.91| 3.209
0 = 0.3 ([28]) 3 12 48 48 12 3

middle of the network and suffer from more collisions. After
each collision, link 3 (or 4) needs to restart the backoff, which in-
creases its effective backoff time and therefore requires a larger
payload length to compensate. Also, all Rj’s are higher in the
simulation due to collisions and the overhead 7.

B. Effect of Dummy Bits

We have used dummy bits to facilitate our analysis and algo-
rithm design. However, transmitting dummy bits when a queue
is empty consumes extra bandwidth. Here, we consider the case
without dummy bits.

In Algorithm 1 and Algorithm (17), we make the following
heuristic modification. For each link k, if 77 (i) as computed
in (15) is larger than the current (positive) queue length, then
transmit a packet that includes all the bits of the queue as the
payload. That is, no dummy bits are added. If the queue is empty,
then the link keeps silent. In the computation of s},(z), however,
the payload of the packet is counted as 77 (i).” Not surprisingly,
the modified algorithms are difficult to analyze, and we there-
fore do not claim their convergence. (However, they still seem
to converge in the simulations.)

We simulate Algorithm (17) without dummy bits when
p = 0.8. The average payload lengths converge to 45.75, 184.1,
67.74, 211.8, 63.79, 137.9, and 21.89 (slots) for links 1~7,
respectively (the figure is shown in [33] due to the space limit),
which are indeed lower than those in Fig. 7(a) due to the saved
bandwidth.

C. Effect of Hidden Nodes

So far, we have assumed that there is no HN in the network.
Here, we discuss the effect of HNs. Consider a network with two
links that are hidden from each other. That is, they cannot hear
the transmissions of each other, but a collision occurs if their
transmissions overlap. Unlike the case without HNs, a link can
start transmitting in the middle of the other link’s transmission
and cause a collision.

First, to explore the achievable service rates in this scenario,
we let the two links use the same, fixed payload length 7P. Let
v=25, 7/ =10, and p = 1/64, Vk. The two links receive the
same service rate by symmetry. Fig. 8 shows the service rate
of one link under different values of 7P. Note that the maximal
service rate per link is about 0.12, much less than 0.5 in the case
without HNs. Also, when 77 is large enough, further increasing

TThe reason for this design is that if we only count the actual bits transmitted,
then Algorithm (17) could not converge. Indeed, if Algorithm (17) converges,
then the average service rates are strictly larger than the arrival rates, which is
impossible if we only count the actually transmitted bits.
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013 changed. To address the HN problem, there are at least two di-
iE‘ 0.12 rections to explore. The first is to understand the achievable ca-
% 0.11 pacity with HNs, and design algorithms to achieve the capacity.
5 0.1 The second is to design protocols to remove or reduce HNs so
‘g 0.09 that our existing algorithms can be applied. There have been
8 o0sl many proposals aiming to remove or reduce the HNs (see [19]
g and the references therein).
n 0.07
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7P decreases the service rates because larger packets are more
easily collided by the HN.

Then we simulate Algorithm 1 with arrival rates \; = Ay =
0.1 < 0.12. We set Ty = 15, rpin = 0, and rpax = 2.59 so
that the maximal payload is T exp(rmax) = 200 (slots), and
a(i) = 0.14/(2 + 4/100). Unlike the case without HNs, the
results depend on the initial condition as shown in Fig. 9. For
example, if the initial payload lengths of both links are 40 slots
(which we call “initial condition 1), then the mean payload
lengths converge to the correct value (about 17.5). However,
if the initial payloads are 80 slots (“initial condition 2”), then
the mean payload lengths keep increasing (until reaching the
maximal value) and cannot support the arrival rates. This can be
explained by Fig. 8. Initial payload lengths of 40 slots achieve a
per-link service rate higher than the arrival rate. By Algorithm 1,
the payload lengths are decreased and eventually converge to
the correct values. However, if initially the payload lengths are
80 slots, a per-link service rate lower than 0.1 is achieved. By
Algorithm 1, both links increase their payload lengths. This,
however, further decreases their service rates, and the cycle goes
on. The root cause for this behavior is as follows. Algorithm 1
has implicitly used the fact that, without HNs, a link’s service
rate increases with its payload length. However, it may not be
the case when HNGs exist.

To sum up, in the presence of HNs, both the achievable ca-
pacity region of CSMA and the property of our algorithms have

In this paper, we have studied CSMA scheduling with col-
lisions. We first provided a model and gave a throughput for-
mula that takes into account the cost of collisions and overhead.
The formula has a simple product form. Next, we designed dis-
tributed algorithms where each link adaptively updates its mean
transmission length to approach the throughput-optimality and
provided sufficient conditions to ensure the convergence and
stability of the algorithms. We also characterized the relation-
ship between the algorithm parameters and the achievable ca-
pacity region. Finally, simulations results were presented to il-
lustrate and verify the main results. In the future, we are inter-
ested to further explore short-term fairness and the case with
hidden nodes.

APPENDIX

A. Proof of Theorem 1

First, the stationary distribution of the CSMA/CA Markov
chain is expressed in the following lemma.
Lemma 1: In the stationary distribution, the probability of
a valid state w as defined by (3) is

1
p(w) = B H ai H [pj - f(bj.5,%)] (22)
2:x;=0 Jixj=1
where
o 1, ifj € Z(x)

where P;(b;) is the p.m.f. of link j’s transmission length, as de-
fined in (1). Also, F is a normalizing term such that )~ p(w) =
1, i.e., all probabilities sum up to 1. Note that p(w) does not de-
pend on the remaining time ay,’s.

Proof: Foragiven state w = {z, ((bg, ar), Vk : xx = 1)},
define the set of active links whose remaining time is larger than
1 as

Ar(w) = {k|lzr = 1, a5, > 1}.

Links in A;(w) will continue their transmissions (either with
success or a collision) in the next slot.

Define the set of inactive links “blocked” by links in Ay (w)
as

0A1(w) = {jlz; = 0;e(j, k) = 1 for some k € Aq(w)}

where e(j, k) = 1 means that there is an edge between j and k
in the conflict graph. Links in A (w) will remain inactive in
the next slot.
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Write A1(w) := A;(w)UJA;(w). Define the set of all other
links as
These links can change their ON—OFF states z;’s in the next slot.
On the other hand, links in A; (w) will have the same ON—~OFF
states x;’s in the next slot.

To illustrate these notations, consider the example in Fig. 5.
By (4), we have A;(w) = {3}, 0A;(w) = {2}, Aj(w) =
{2,3}, and Ay(w) = {1}.

State w can transit in the next slot to another valid state w’ =
{z', (b}, a,), VEk : z}, = 1)}, ie., Q(w,w’) > 0, if and only if
w’ satisfies that: i)z}, = zx, Vk € Ay (w); i) bl, = by, aj, =
ap — 1, Vk € Aj(w) such that z;, = 1;iii) a}, = b, Vk €
As(w) such that j, = 1, and b}, = vy, Vk € Ax(w) N Z(z'). Af
Ao (w) is an empty set, then condition iii) is trivially true.) The
transition probability is

Qu,w) = TI Ipi- f®Lia g™ 29)
1€As (w)
Define
Q(wlaw) = H [pl : f(b1az,$)]zlq37$l (26)

1€Az(w)

(If Ay(w) is an empty set, then Q(w, w’) = 1 and Q(w', w) :=
1.) If w and w’ does not satisfy~ all the conditions i)-iii), then
Q(w,w") = 0, and also define Q(w’, w) = 0.

Then, if Q(w,w’) > 0 (and Q(w',w) > 0),
p(’IU)/Q(’lU/7’lU) = % HigAg(w)[pi . f(bwL,‘T)]T?qzl_xl

. =’ l—a::
AISO, p(wl)/Q(w7 w/) = % HigAQ(w) [pl ) f(bé/ 2, ll)] *q; .
However, for any ¢ ¢ As(w), ie, ¢ € A;(w), we have
xi = x;,b; = b; by conditions i) and ii). Therefore, the two

7

expressions are equal. Thus

p(w)Q(w,w') = p(w)Q(w', w). 27

If two states w, w’ satisfy Q(w,w’) = 0, then by definition
Q(w',w) = 0, making (27) trivially true. Therefore, (27) holds
for any w and w’'.

We will show later that Q(w’, w) is the transition probability
of the “time-reversed process” of the above Markov chain [no-
tice the similarity between Q(w,w’) and Q(w’, w)] and natu-
rally satisfies 3", Q(w’,w) = 1. Assuming that the claim is
true, then by (27), we have

> pw) - Q(w,w') = p(w') Y Qw',w) = p(w').

w w

Therefore, p(w) is the stationary (or “invariant”) distribution,
which completes the proof of Lemma 1.

It remains to be shown that the above claim is true, in par-
ticular, that 3, Q(w’,w) = 1. Denote the orignal process as
{w(t), t € Z} [this is the Markov process that describes our
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CSMA protocol, with transition probabilities Q(-,-) in (25)].
Adding a time index in (3), we have

w(t) := {x(t), ((be(t), ar(t)), Vk : zp(t) = 1)}.

Now, define the time-reversed process w(t) := w(—t), Vt € Z.
First, note that in the process {w(¢)}, the remaining time a (),
if defined, decreases with ¢; in the reversed process {w(t)},
however, ar(—t) increases with t. Therefore, {w(¢)} and
{w(t)} are, clearly, statistically distinguishable. Thus, {w(¢)}
is not time-reversible.

However, if we relabel the “remaining time” in the reversed
order, then the process {w(t)} “looks like” the process {w(t)}.
(This is why we say the CSMA/CA Markov chain is almost
time-reversible.) More formally, with the understanding that
w = {z, ((bg, ar), Yk : z = 1)}, define a function g(-) as

(28)

g(w) = {z, (bg,br. — ar, + 1), Yk : 2, = 1)}. (29)

Then, define the process w(t) := g(w(—t)). Note that in the
process {w(t)}, the “remaining time” decreases with ¢, similar
to {w(t)}.

Next, we show the following two facts.

Fact 1) For any two states w and w’ with Q(w,w’) > 0 (i.e.,
if the CSMA Markov chain can transit from state w
to state w'), we have A;(w) = Ai(g(w’)), A1 (w) =
Ay (g(w')) and Ay (w) = Ag(g(u’)).

Fact2) Q(w, w') > 0 & Q(g(w), g(w)) > 0.

These facts can be illustrated by the example in Fig. 5. First
consider Fact 1. Note that A;(w) = {3}, by definition, is the
set of links that are in the middle of a transmission in state w
and will continue the transmission in the next state w’. Then,
in the reversed process, such links are also in the middle of a
transmission in state g(w’) and will continue the transmission
in the next state g(w). Thus, A;(w) = A;(g(w’)). Similarly,
0A1(w) = {2}, the set of links that are blocked by A;(w)
in w are also blocked by A;(g(w’)) in the reversed process.
Therefore, 0A;(w) = 0A;(g(w’)). Then, by (24), we have
Ag(w) = A2(g(w')). (Note that it is not difficult to prove Fact 1
mechanically via the definitions of A1 (-), A2(-), but we omit it
here.)

One can also verify Fact 2 in Fig. 5. We now give a more
formal proof. If Q(w,w’) > 0, then w and w’ satisfy condi-
tions i)—iii). We first show that Q(g(w’), g(w)) > 0. To this end,
we need to verify that the states g(w’) and g(w) satisfy condi-
tions i)-iii). Condition i) holds because A;(w) = A;(g(w"))
by Fact 1 and because g(-) does not change the “ON-OFF state”
of its argument. Condition ii) holds since g(-) has reversed the
remaining time [c.f (29)]. Condition iii) requires that in the re-
versed process, any link k € As(g(w’)) that is transmitting in
the state g(w) must have just started its transmission. This is true
because As(g(w')) = Aa(w) by Fact 1, and that in the original
process w(t), any link k € Aa(w) that is transmitting in state w
must be in its last slot of the transmission [otherwise the link
would be in A;(w)]. Then, condition iii) holds since g(-) has
reversed the remaining time.

This completes the proof that Q(w,w’) > 0 =

Q(g(w'),g(w)) > 0. Now, if Q(g(w'),g(w)) > 0, by



This article has been accepted for inclusion in a future issue of thisjournal. Content is final as presented, with the exception of pagination.

JIANG AND WALRAND: THROUGHPUT-OPTIMALITY IN DISTRIBUTED CSMA SCHEDULING ALGORITHMS WITH COLLISIONS 11

the above result, we have Q(g(g(w)),g(g(w’))) > 0. Since
glg(w)) = w, g(g(w')) = w’, we have Q(w,w’) > 0. This
completes the proof of Fact 2.

Consider two states w and w’ with Q(w,w’) > 0. Then,

Q(g(w'), g(w)) > 0, with

Qlow’), g(w) = s+ £ (b, i, )] g

II

i€Az(g(w’))

by (25). Using (26) and As(w) = Aa(g(w’)), we have

Q(w/7w) = H [pi - f(bhi-ﬂ?)]“qil_mi

i€ As(w)

- H [pi - f(biyi,z)]" g 1—a;

i€Az(g(w'))

=Q(g(w'), g(w)).

Therefore, Q(w’,w) is the transition probability of the re-
versed process.

By definition, Q(w',w) =
Q(w,w") = 0. Thus, given w’

(30)

0 for any w,w’ satisfying

ZQ(wl7w) = Z Q(wl7w>
w w:Q(w,w’)>0
>
w:Q(w,w’)>0
>

w:Q(g(w’),g(w))>0

> Qg(w'), g(w)

where the last step has used the fact that g(-) is a one—one map-
ping, so the summation is over all valid states. [ |

Using Lemma 1, the probability of any ON—OFF state z, as in
Theorem 1, can be computed by summing up the probabilities
of all states w’s with the same ON—OFF state x, using (22).

Define the set of valid states B(z) =
{w| the ON-OFF stateis « inthestate —w}. By
Lemma 1

pla)= Y pw)
weB(x)
:% Z H q; H ] J7 )]
weB(z) | #wi=0 jz;=1
:% I e II ») D> 1II £
e, =0 jur;=1 weB(x) jrwj=1

= I »

v, =0 jux;=1

>

weB(x)

H Pj(bJ)
JES()
(€29

Now, we compute the term 3, ¢ 3, [ I;e () P (;5)]- Con-
sider a state w = {z, ((bg,ax), Vk : T = 1)>} € B(z). For
k € S(x), by, can take different values in Z, ;. For each fixed
by, ay, can be any integer from 1 to by. For a collision compo-
nent C,, (z) (i.e., |Cpy ()| > 1), the remaining time of each link
in the component, a\™/, can be any integer from 1 to «. Then,
we have

>, | II mit

weB(z) |jES a:)
= II Z > r 11 > 1
jGS(a:) | bi 1<a;<b; m:|Cr, (z)[>1 \1<a(m) <y
= 11 ijpj(bj) A
jes() | b
= H T; | 4"®). (32)
JjES(z)

Combining (31) and (32) completes the proof.

B. Proof of Theorem 2

1) Some Definitions: If at an ON—OFF state =, k € S(x)
(i.e., k is transmitting successfully), it is possible that link & is
transmitting the overhead or the payload. Therefore, we define
the “detailed state” (z,z), where z € {0,1}%. Let z = 1
if £ € S(x) and link £k is transmitting its payload (instead of
overhead). Let z;, = 0 otherwise. Denote the set of all possible
detailed states (z,z) by S.

Then, similar to the proof of Theorem 1, and using (7), we
have the following product-form stationary distribution:

p((z, 2);

r) = ﬁg(a@z) - exp (Z zkrk) (33)
k

where

9(@,2) = g(z) - (TI)IS(m)‘_llzTOl/z (34)

where 1’z is the number of links that are transmitting the pay-
load in state (z, z). Clearly, this provides another expression of
the service rate s (r)

>

(2,2)€S:z,=1

sk(r) = p((z,2);r). (35)

Now, we give alternative definitions of feasible and strictly
feasible arrival rates to facilitate our proof. We will show that
these definitions are equivalent to Definition 1.

Definition 2:

a) A vector of arrival rate A € R_ilf (where K is the number

of links) is feasible if there exists a probability distribution
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pover S (i.e., }o, .)es P((z,2)) = 1 and p((z, 2)) >
0), such that

Ak = Z P((x,2)) - 2.

(z,2)€S

(36)

Let Cco be the set of feasible .

b) A vector of arrival rate A € Rf is strictly feasible if it
can be written as (36), where } .5 P((#,2)) = 1 and
p((z, z)) > 0. Let Cco be the set of strictly feasible .

For example, in the network in Fig. 2(b), A = (0.5,0.5,0.5)
is feasible because (36) holds if we let the probability
of the detailed states (z = (1,0,1),z = (1,0,1)) and
(z = (0,1,0),z = (0,1,0)) be 0.5 each, and the probabilities
of all other detailed states be 0. However, A = (0.5,0.5,0.5) is
not strictly feasible. Instead, X' = (0.49,0.49, 0.49) is.

Proposition 2: Definition 2 is equivalent to Definition 1.
That is, Cco = C and Cco = C.

Proof: We first prove Cco = C. By definition, any A €
C can be written as A = ZUGX poo, where X is the set of
independent sets, and p = (J, )¢ v is a probability distribution.
Now, we construct a distribution p over the states (z, z) € S as
follows. Let p((o, 0)) = Po, Yo € X, and let p((z, z)) = 0 for
all other states (z,z) € S. Then, clearly 3 . . csp((2,2)) - 2
=2 sexP((0,0)) -0 =3, cxPso = A, which implies that
A € Cco. Therefore, C C Cco.

On the other hand, if A € Cco, then A =
> (eesP((x,2)) - z for some distribution p over S.
We define another distribution p over X as follows.
Let p, = Z(m,z)e&zzo_ p((z,2)), Yo € X. Then,
A= Z(az,z)es p((x, Z)) T2 = ZUEX 2(I,Z)€$:Z=0' pf((x,z))g
= ) sex Poo, which implies that A € C. Therefore, Cco C C.

Combining the above two facts yields Cco = C.

We defined that C is the interior of C. To prove Cco = C, we
only need to show that Cco is also the interior of C. The proof
is similar to [32, Appendix A] and is thus omitted. [ |

2) Existence of r*: Assume that A is strictly feasible. Con-
sider the following convex optimization problem, where the
vector u can be viewed as a probability distribution over the
detailed states (z, z):

max

H) + Y [ta,z) -log(g(z, 2))]
(z,2)ES
s.t. Z

U,(m_rz) = )\k VEk
(z,2)€S:2,=1

Z U(e,z) = 1

(z,2)€S

U(z,z) >0, 37

where H(u) := 3, yes[—(z,2) 10g(t(s,»))] is the “entropy”
of the distribution u.

Let 7, be the dual variable associated with the constraint
2 (r,2)eS =1 Wa,z) = Ak, and let the vector r := (rg). We
will show the following.

Lemma 2: The optimum dual variables r* (when problem
(37) is solved) exists, and satisfy (10), i.e., sg(r*) = A, Vk.
Also, the dual problem of (37) is (11).
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Proof: With the definition of r, a partial Lagrangian of
problem (37) (subject to u(, .y > 0, Z(m 2es Wa,z) = 1)is

Llwr)=H@u)+ > [, log(g(, 2))]
(z,2)ES

>

(z,2)€S:z,=1

U(p,z) — Ak

—I-zk:rk
- ¥

{wx,z) [— log(u(z,2)) + log(g(z, 2))

(z,2)€S
+ 3 rk] } =Y () (38)
kizp=1 k

Thus 9L(u;r)/Ou(y 2y = —log(u(s,-)) — 1+log(g(w, 2)) +
Zk:zk:l Tk-

We claim that

u(Lz)(r) = p((a;z);r) V(.’II7Z) €S (39
[cf (33)] maximizes L(u;r) over u subject to wu, .y >
0, > (+)es Ww,z) = 1. Indeed, the partial derivative at the
point u(r) is dL(u(r);r)/du(,, .y = log(E(r)) — 1, which is
the same for all (z,z) € S (since given the dual variables r,
log(E(r)) is a constant). Also, u(,.y(r) = p((z,2);r) > 0
and 37, es U(x,z)(r) = 1. Therefore, it is impossible to
increase L(u;r) by slightly perturbing u around u(r) (subject
to 17u = 1). Since L(u;r) is concave in u, the claim follows.

Denote I(r) = maxy £(u;r), then the dual problem of (37)
is inf, /(r). Plugging the expression of u, .)(r) into £(u;r), it
is not difficult to find that inf, [(r) is equivalent to sup,. L(r; A),
where L(r; A) is defined in (12).

Since A is strictly feasible, it can be written as (36) where
> (@)es P((7,2)) = Land p((z, 2)) > 0. Therefore, there ex-
ists u > 0 (by choosing u = p) that satisfies the constraints in
(37) and also in the interior of the domain of the objective func-
tion. Therefore, problem (37) satisfies the Slater condition [2].
As a result, there exists a vector of (finite) optimal dual vari-
ables r* when problem (37) is solved. Also, r* solves the dual
problem sup,. L(r; A). Therefore, sup,. L(r; A) is attainable and
can be written as max, L(r; ), as in (11).

Finally, the optimal solution u* of problem (37) is such that
U, ) = Uz,z)(r7), V(z,2) € S. Also, u” is clearly feasible
for problem (37). Therefore, 3, .)c 5.2, =1 U{,,.) = Sk(r") =
Ak, VE. [ |

Remark: From (38) and (39), we see that a subgra-
dient (or gradient) of the dual objective function L(r; ) is
OL(r; A)/0r = Xk = 30 2yesim=1 Wa,) () = Ak — sk ().
This can also be obtained by direct differentiation of L(r; A).

3) Uniqueness of r*: Now we show the uniqueness of
r*. Note that the objective function of (37) is strictly con-
cave. Therefore, u*, the optimal solution of (37), is unique.
Consider two detailed states (e, ey) and (ey,0), where e,
is the K -dimensional vector whose k’th element is 1 and all
other elements are 0. We have v, p((er,er);r*) and

er,er)

ulo, 0y = P((ex,0);*). Then, by (33)

Uerier) (T)/Uey,0) () = exp(ri) - (To/7') . (40)
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Suppose that 7* is not unique, that is, there exist rj # ry, but
both are optimal r. Then, r{, # 7, for some k. This con-
tradicts (40) and the uniquenéss of u*. Therefore, r* is unique.
This also implies that max, L(r; A) has a unique solution r*.

C. Proof of Theorem 3

We will use results in [23] to prove Theorem 3. Similar tech-
niques have been used in [22] to analyze the convergence of an
algorithm in [16].

1) Part (i): Decreasing Step Size: Define the concave

function
- _<Tmin - y)2/2, lfy < Tmin
H(U) = 0-, 1fy € [Tmin;rmax] . (41)
_(Tmax - Z/)Z/Q» lf ) > Tmax
Note that dH(y)/dy = h(y y) where h(y) is in (14). Let
G(r;A) = L(r;A) + >, H(rx). Since X is strictly fea-
sible, max, L(r;\) has a unlque solution r*. That is,
L(r*;X) > L(r;X), Vr # r*. Since r* € (Tmin; "max)"

by assumption, »_, H(r;) = 0 > Zk H(ry), Vr. Therefore,
G(r*;A) > G(r;A), Vr # r*. Thus, r* is the unique solution
of max, G(r; A). Because G (r; X) /Ory, = A — s (r)+h(ri),
Algorithm 1 tries to solve max, G(r; A) with noisy gradients.

Let v*(t) be the solution of the following differential equa-
tion (for £ > s)

dvg(t) /dt = Mg — sp(v(t)) + h(ve(t)) Yk (42)
with the initial condition that v®(s) = F(s). Therefore, v*()
can be viewed as the “ideal” trajectory of Algorithm 1 with
the average arrival rate and service rate. Additionally, (42) can
be viewed as a continuous-time gradient algorithm to solve
max, G(r; A). We have shown that r* is the unique solution of
max, G(r; A). Therefore, v*(¢) converges to the unique r* for
any initial condition.

Recall that in Algorithm 1, r(%) is always updated at the be-
ginning of a minislot. Define Y(z —1) := (s,(7), wo(3)), where

wo(4) is the state w at time ¢;. Then, {Y (¢)} is a nonhomoge-
neous Markov process whose transition kernel from time ¢;_;
to t; depends on r(i — 1). The update in Algorithm 1 can be
written as

(1) = (i = 1) + a(i) - [f(re(i = 1),V (i = 1)) + M(i)]

where f(rp(i —1),Y (i — 1)) := A\ — s,.(4) + h(re(i — 1)),
and M (i) = A, (¢) — Ak is a zero-mean noise.
To use Corollary 8 in [23, p. 74] to show Algorithm 1’s
almost-sure convergence to r*, the following conditions are
sufficient.
a) f(-,-) is Lipschitz in the first argument, and uniformly in
the second argument. This holds by the construction of
h(-).

b) The transition kernel of Y (4) is continuous in r(4). This is
true due to the way we randomize the transmission lengths
in (15).

c) Equation (42) has a unique convergent point r*, which has

been shown.

d) With Algorithm 1, r(%) is bounded V&, 4 almost surely.

This is proved in Lemma 3.

e) Tightness condition [(f) in [23, p. 71]]: This is satis-
fied since Y () has a bounded state-space (cf. conditions
(6.4.1) and (6.4.2) in [23, p. 76]). The state space of Y ()
is bounded because s} () € [0, 1] and wo(z) is in a finite
set (which is shown in Lemma 4).

Thus, by [23], r(¢) converges to r* almost surely.

Lemma 3: With Algorithm 1, r(7) is always bounded.
Specifically, 74 (i) € [Fmin — 2, Tmax + 2], Vk, 4, where ),
as defined before, is the maximal instantaneous arrival rate, so
that \; (i) < X, Vk,

Proof: We ﬁrst prove the upper bound 7y, + 2X by in-
duction: a) 7%(0) < Tmax < Tmax + 2A; b) Fori > 1, if
7k(i—1) € [Fmax+A, Pmax+2A], then h(ry,(i—1)) < —. Since
N (i) = s5.(i) < A, we have 7 (i) < r(i — 1) < Tmax + 2.
If 7:(i — 1) € (Tmin,Tmax + A), then h(rk(i -1) <o
Also, since X, (i) — s¢(i) < X and a(i) < 1, Vi, we have
(1) < (i — 1)+ X (i) < rmax + 20 I r(6— 1) < 7mins
then

ri(i) = ri(i = 1) + ()N, (3) = s3.(6) + h(re(i — 1))]
<rp(i = 1) + a(@){A + [rmin — (i = 1]}
=01 —a()]-re(i — 1) + (i) {A + Tmin }
<[1 = a(i)] - Tmin + a(){X + Tmin}

= Trmin + (i) - A
Sj\'i'rmin < Tmax+25\~

The lower bound 7,;, — 2 can be proved similarly. [ ]

Lemma 4: In Algorithm 1, w(7) is in a finite set.

Proof: By Lemma 3, we know that 7(7) < 7max +
2X, Vk, i, 50 TF (i) < To exp(Tmax + 2A), Vk, i. By (15), we
have 77 (i) < Tp exp(Tmax + 2X) + 1, Vk, i. Therefore, in state

wo(i) = {z, ((bg,ar), Yk : 21, = 1)}, we have by, < by for
a constant by, and ay, < by, for any k such that x;, = 1. Thus,
wo () is in a finite set. ]

2) Part (ii): Constant Step Size: The intuition is the same as
part (). That is, if the constant step size is small enough, then the
algorithm approximately solves problem max, G(r; ). Please
refer to [30] for the full proof.
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